Abstract. We show that up to commensurability there are only finitely many cocompact arithmetic Kleinian groups generated by rotations. This implies, in particular, that there exist only finitely many conjugacy classes of cocompact two generated arithmetic Kleinian groups. The proof of the main result is based on topological expansion properties of maximal arithmetic 3-orbifolds. We generalize an inequality of Gromov and Guth and combine it with the new bounds for the isoperimetric constant, hyperbolic volume and tube volume of the quotient orbifolds.
Introduction
A Kleinian group is a discrete subgroup of the group PSL(2, C), which is the full group of orientation preserving isometries of the hyperbolic 3-space H 3 . A discrete subgroup of finite covolume is called a lattice. An important class of Kleinian groups which are lattices is formed by arithmetic Kleinian groups.
The most basic classes of Kleinian groups are the groups generated by two elements and closely related to them groups generated by three involutions (see [Gil97, Bel02] ). These groups in general and arithmetic Kleinian groups of these types in particular were extensively studied by many authors (see e.g. [Kli89, HLM91, GM94, GMMR97, Gil97, GMM98, MM99, CMMB02, Bel02, KK05]). Still it was not known so far, for instance, whether or not there are finitely many conjugacy classes of 2-generator arithmetic Kleinian groups. Our first observation in this paper is that for the finiteness problems it is more convenient to consider the class C of all lattices generated by elements of finite order without any restriction on the number of generators. We shall call a lattice in C maximal if it is not properly contained in any other lattice from C. Our main result is the following theorem. Theorem 1. There exist only finitely many conjugacy classes of maximal cocompact arithmetic Kleinian groups generated by elements of finite order.
Here are some immediate corollaries of Theorem 1.
Corollary 1.1. There are only finitely many commensurability classes of cocompact arithmetic Kleinian groups which contain groups generated by elements of finite order. This result follows from the fact that every such commensurability class will contain at least one maximal group from C. Note that if a Kleinian group Γ 0 is generated by elements of finite order then the orbifold H 3 /Γ 0 has the first Betti number equal to zero, and thus can be called an orbifold rational homology sphere. Therefore, our corollary provides a partial answer to Question 6.1 from [LMR06] , which asks about finiteness of the number of commensurability classes of these spheres. The conjectural answer to the Long-Maclachlan-Reid question is negative so Corollary 1.1 and also more general Theorem 2.1 imply that we should expect that most of the orbifold arithmetic rational homology spheres are non-commensurable with the compact hyperbolic 3-orbifolds whose underlying space is an elliptic manifold. Corollary 1.2. There are only finitely many conjugacy classes of cocompact torsionfree 2-generator arithmetic Kleinian groups.
To prove this corollary we recall that any 2-generator Kleinian group is contained with index at most 2 in a Kleinian group generated by three involutions (half-turns) [Bel02, Gil97] . Hence by Corollary 1.1 there are only finitely many commensurability classes of such groups. It turns out that there are only finitely many torsion-free 2-generator groups in a commensurability class (by [BS11] ), hence the corollary follows. We recall that a result of this kind was previously proved in [BS11] following ideas of Agol, but their proof is conditional on a deep open conjecture about short geodesics of arithmetic 3-manifolds.
In fact, it is possible to use our results to prove an even stronger finiteness theorem which covers all 2-generator cocompact arithmetic Kleinian groups (see Theorem 7.1). This requires an extension of the methods from [BS11] to the orbifold fibrations. We recall that finiteness of arithmetic Kleinian groups generated by two elliptic elements was previously established in [MM99] by a different method but the general finiteness problem remained open. It is worth mentioning that there is no analogous property for the groups generated by more than two elements. For example, consider an orbifold O obtained by a (2, 0)-Dehn filling of the figure-8 knot complement. This orbifold fibers over a circle with fiber a torus with one order 2 singularity, which gives a 3-generator presentation of its fundamental group. It is well known and not hard to check that O is arithmetic. Therefore, the m-fold cyclic coverings of O induced from the fibration give rise to an infinite sequence of commensurable compact arithmetic 3-orbifolds with 3-generator fundamental groups. Examples of this kind can be also produced for a bigger number of generators.
The proof of Theorem 1 is based on a generalized Gromov-Guth inequality:
where λ 1 is the first non-zero eigenvalue of the Laplacian of a manifold cover of O = H 3 /Γ, V hyp is the hyperbolic volume of O and V T is the volume of a tube of radius T of a thick embedding of O in R n . One can notice a similarity of this approach to [LMR06] , and even more to [Ago06] , where an orbifold version of the LiYau inequality for conformal volume was applied to show the finiteness of arithmetic maximal reflection groups of isometries of H 3 . One of the differences between the inequality (1) and the Li-Yau type inequalities is that the hyperbolic volume in (1) appears with the exponent n n−1 > 1, which is strictly bigger than the exponent of the tube volume V T . In the proof of (1) this comes out as a consequence of Falconer's slicing inequality (see Section 3 and [GG12] ). This property will be crucial for our application of the inequality (1) in Section 7.
We are going to apply the inequality (1) to a quotient orbifold O of a maximal arithmetic Kleinian group Γ ≥ Γ 0 , with Γ 0 ∈ C. The left hand side of (1) depends on the hyperbolic structure of the orbifold O while the right hand side is essentially determined by the topology of its underlying and singular sets. This brings forward a problem of choosing some invariant of O that would connect the two sides. Our first attempts were focused on arithmetic invariants, torsion in homology and Matveev's complexity. This can be compared with [ABSW08] , where the arithmetic invariants were used in a Li-Yau type inequality in order to prove the finiteness of arithmetic maximal reflection groups. It is possible to gain a control of these parameters but unfortunately the bounds that we were able to obtain were exponentially far from the required range. The final choice which appears in the argument below is the size of certain bounded degree triangulations of O. Such triangulations are constructed in Section 5 using arithmeticity and then applied in Section 6 to bound the complexity of the underlying space of O. Along with these considerations, we recall the results of Gromov and Guth about retraction thickness in order to control the singular structure of O. Finally, the well known properties of the spectrum of the Laplacian and volumes of arithmetic 3-orbifolds combined with the generalized Buser and Cheeger inequalities provide us a required control over h and V hyp . We shall describe the contents of the paper in more detail after the first reductions in the next section.
The proofs of the results are effective but we shall not investigate their quantitative side in this paper.
Convention. We shall use letters c with indexes to denote the positive constants. When a constant depends on some parameters, they will be specified in the index. All logarithms in the paper are taken to base 2.
2. First reductions and an overview of the proof Let Γ 0 < PSL(2, C) be a maximal Kleinian group generated by elements of finite order, i.e. Γ 0 is a maximal lattice in C. By Armstrong's theorem [Arm68] , the underlying space |H 3 /Γ 0 | of the quotient hyperbolic 3-orbifold is simply connected. Hence by Perelman's proof of the Poincaré conjecture it is diffeomorphic to the 3-sphere S 3 . Let Γ > Γ 0 be a maximal lattice containing Γ 0 . Since Γ 0 is a maximal lattice generated by elements of finite order, it is a normal subgroup of Γ and the quotient finite group G = Γ/Γ 0 acts without fixed points on H 3 /Γ 0 . It follows that the underlying space of the orbifold H 3 /Γ is an elliptic 3-manifold S 3 /G. Moreover, for a future reference we remark that the group Γ 0 is uniquely determined by Γ (indeed, if Γ would contain two different maximal Kleinian groups Γ 1 , Γ 2 ∈ C, then their product is also a Kleinian group Γ 1 Γ 2 ∈ C, which leads to a contradiction with the maximality condition for Γ i ). We are going to prove the following more general result which implies Theorem 1 as a corollary.
Theorem 2.1. There exist only finitely many maximal cocompact arithmetic Kleinian groups Γ such that the underlying space of the orbifold H 3 /Γ is an elliptic 3-manifold.
The proof of Theorem 2.1 is based on a study of geometry of arithmetic hyperbolic 3-orbifolds and their underlying spaces. More precisely, the arithmeticity assumption is necessary only in some parts of the argument (indicated below) but as it is confirmed by the well known examples, it cannot be removed from the statement.
Let us recall the definition of an arithmetic Kleinian group. Let k be a number field with exactly one complex place, R its ring of integers, and A a quaternion algebra over k ramified at all real places of k. Let D be a maximal R-order of A, denote by D 1 its group of elements of norm 1. Consider a k-embedding ρ : A ֒→ M(2, C) associated with the complex place of k. The projection
where P : M(2, C) → PSL(2, C), is then a discrete finite covolume subgroup of PSL(2, C). Any subgroup of PSL(2, C) which is commensurable with some such group Γ D is called an arithmetic subgroup and the field k is called its field of definition. Every arithmetic subgroup is contained in some maximal arithmetic subgroup, and these maximal lattices can be effectively described using arithmetic invariants. One of their properties which will be particularly useful for us is that maximal arithmetic Kleinian groups are congruence subgroups of PSL(2, C) (see [LMR06] ). We refer to [MR03] for a detailed study of arithmetic Kleinian groups and their properties. The main part of the proof begins in Section 3 with a generalization of the GromovGuth inequality from [GG12] to hyperbolic orbifolds.
Let O be a closed orientable hyperbolic 3-orbifold with the underlying space |O| and singular set Σ, which is a 3-valent graph in |O|. We want to define the notion of thickness for an embedding of O in R n which would generalize retraction thickness defined for manifold embeddings by Gromov and Guth. Perhaps the most straightforward generalization would be to require that both |O| and Σ embed with retraction thickness T , however, all our attempts to work with this definition were unsuccessful because the assumptions appear to be not strong enough for proving the inequality in Theorem 2.2. On the other hand, combinatorial thickness from [GG12] would work better for the inequality but is too restrictive for the applications. We recall that an embedding I : T → R n of a simplicial complex T has strong combinatorial thickness T if for any simplices ∆ 1 , . . . , ∆ J in T the intersection ∩ Assume that the underlying space of O is endowed with a triangulation T of bounded degree (i.e. the number of simplices incident to any vertex is bounded by an absolute constant) and such that every l-dimensional skeleton of the singular set is contained in the l-skeleton of T . We say that O is embedded in R n with thickness T if there is an embedding I 1 : T 1 → R n with strong combinatorial thickness T . Given such an embedding we will call by the tube volume V T the volume of the T -neighborhood of I 1 (T 1 ) in R n . It is not hard to see that assuming the dimension n is sufficiently large, any thick embedding I 1 : T 1 → R n extends to a topological embedding I : O → R n with retraction thickness T and volume of the T -neighborhood of I(O) bigger than V T . We will elaborate more on the relation between thickness for orbifold embeddings and retraction thickness in Section 3.2.
Theorem 2.2. Let O be a closed orientable hyperbolic 3-orbifold with volume V hyp which has a manifold cover with the first non-zero eigenvalue of the Laplacian λ 1 . If O is embedded in R n , n ≥ 7 with retraction thickness T , we have
The proof of the theorem is based on two important inequalities: the complicated fiber inequality of Gromov and Falconer's slicing inequality. This is close to the original idea of Gromov and Guth which is described in [GG12] before the proof of Theorem 3.2 but requires more care. Let us note that Theorem 3.2 of [GG12] applies to the manifolds of any dimension k ≥ 3 while our orbifold version is restricted to the 3-dimensional case. We do not know how to generalize the result to higher dimensions and discuss this and related open problems at the end of Section 3.
We are going to apply Theorem 2.2 to the orbifolds O = H 3 /Γ with Γ < PSL(2, C) a maximal arithmetic subgroup and |O| an elliptic 3-manifold. An important property of retraction thickness is that it is almost invariant under homotopy equivalences (see [GG12, Proposition 3.2] ). An analogue of this property remains valid for orbifold thickness while considering homotopies of 2 and 3 dimensional skeletons of a triangulation of O. We then combine it with a result on bad expansion of 1-skeletons of the triangulations that we consider.
The following Sections 4 to 6 deal with the bounds for h, V hyp and V T . In Section 4 we prove the orbifold analogues of the well known inequalities of Cheeger and Buser which relate the isoperimetric constant h and the first non-zero eigenvalue λ 1 of the Laplacian on O. These inequalities allow us to bound λ 1 in terms of h and give another version of the inequality in Theorem 2.2 which is more similar to its manifold version in [GG12] . In Section 5 we use arithmeticity to show that the hyperbolic volume of O is bounded below by N 1/(1+ǫ) , where N is the minimal size of a good bounded degree triangulation of O (see Theorem 5.3). An important ingredient of the proof is a known number-theoretical bound towards Lehmer's conjecture about the Mahler measure of algebraic integers. In Section 6 we prove an upper bound for the tube volume using non-expanding properties of 1-skeletons of the good triangulations. We collect the results together and use some further properties of arithmetic groups in Section 7, which finishes the proof of Theorem 1. Let us note that a large part of the argument is valid or can be quickly generalized to higher dimensional hyperbolic orbifolds and other locally symmetric spaces. This, however, excludes some reductions that were done in this section and the proofs in Sections 3 and 6.
A sketch of a proof of Theorem 7.1 on finiteness of 2-generator cocompact arithmetic Kleinian groups is given in the end of Section 7.
3. The Gromov -Guth inequality 3.1. Thick embeddings of orbifolds. In this section, we will prove Theorem 2.2.
, be a closed orientable hyperbolic 3-orbifold embedded in R n with thickness T and tube volume V T . By scaling, we can assume that T = 1. We denote by X 1 the image of the embedding of the 1-skeleton of the triangulation T of O which contains Σ as O is orientable. Since n ≥ 7, we can extend this embedding to a topological embedding I : O → R n and let X := I(O). By Selberg's lemma (cf. [MR03, Theorem 1.3.5]), the orbifold O has a smooth cover of a degree d. We shall denote this covering manifold by M and let λ 1 be the first non-zero eigenvalue of the Laplacian on M. The triangulation T lifts to a triangulation of M which we denote by T 1 .
We now apply the Falconer slicing theorem [Fal80] to the neighborhood N 1 (X 1 ) in R n which has volume V 1 . It implies that we can slice R n by parallel hyperplanes P y , y ∈ R, so that each of them intersects N 1 (X 1 ) in surface area V n−1 n
1
. We want to translate this inequality to the information about intersections of the hyperplanes with X 1 . If we try to do it directly we notice that X 1 can wobble a lot which implies uncontrollably many intersections, but we can approximate it continuously to remove this effect. We will achieve that by covering N(X 1 ) by the balls and then projecting them to X 1 , the latter made possible by our assumption on thickness of the embedding.
Choose a maximal 1/4-separated set of points p 1 , p 2 , . . . in N 1/2 (X 1 ) and let U = ∪ i B(p i , 1/4). The argument of [GG12, Lemma 3.5] implies that each of the hyperplanes P y in our family intersects V n−1 n 1 of the balls B(p i , 1/4). As I 1 :
is an embedding with strong combinatorial thickness 1 and triangulation T has bounded degree, there is a retraction Ψ : U → X 1 such that the image Ψ(B(p i , 1/4)) of any ball is contained in 1 simplices of T 1 (cf. [GG12, Proposition 3.6]). Let f 1 be a map sending all points in Ψ (B(p i , 1/4) ∩ P y ) to y.
This defines a continuous map f 1 : X 1 → R which we can extend barycentrically to a continuous map f : X → R such that for every y ∈ R the preimage f −1 (y) intersects T in V n−1 n 1 triangles. We have:
We now bring into picture the hyperbolic geometry of O. The induced map g : M → R is continuous and we can apply to it the Gromov complicated fiber inequality [Gro09, Section 6.2] (see also [Lac06] for a related result). It implies that there exists a fiber
where |χ| hyp (G y ) denotes the absolute value of the sum of the Euler characteristics of all the hyperbolic connected components of the surface G y and the constant c 1 > 0 does not depend on M or g.
As there are no singularities in the interior of the simplices of f −1 (y), its triangulation lifts to a triangulation of the surface G y ⊂ M with dV n−1 n 1 triangles. This gives us an upper bound for the Euler characteristic |χ| hyp of G y :
From (2) and (3) we obtain
where the constant c depends only on n. This finishes the proof of the theorem.
3.2. Relation to retraction thickness for hyperbolic manifolds. Given a retraction thickness T embedding I : M → R n of a closed hyperbolic 3-manifold M, it should be possible to find a Delaunay triangulation restricted by X = I(M) in the sense of [ES97] which is embedded with strong combinatorial thickness T . The details of this procedure still have to be carefully checked. If true, it would imply that our Theorem 2.2 gives an alternative proof of Theorem 3.2 from [GG12] for the case when dimension k = 3.
Some open problems.
There remain open the questions about the higher dimensional analogues of the Gromov-Guth inequality for orbifolds. In one of the previous versions of this paper I stated the inequality for any dimension k ≥ 3 assuming that the singular set has codimension ≥ 2 and using a weaker notion of thickness. The idea of the proof was to generalize the proof of Theorem 3.2 in [GG12] directly to orbifolds based on the orbifold Cheeger constant which is discussed in the next section. Note that the proof in [GG12] does not require the complicated fiber inequality essentially substituting it by Thurston's simplex straightening method which is available for any dimension. However, in the orbifold setting it appears to be hard to control the behavior of the straightened simplices with respect to the singular locus. The complicated fiber inequality and the new definition of thickness allow us to get around this difficulty while bringing up further questions.
The first question is about the definition of thick embeddings of orbifolds. It would be desirable to avoid referring to a particular choice of a triangulation in the definition -compare with retraction thickness for manifold embeddings in [GG12] . From this point of view we can try the following: say that a closed hyperbolic k-orbifold O is embedded in R n with thickness T if there is a topological embedding I : O → R n with retraction thickness T such that the singular CW-complex Σ is embedded with strong combinatorial thickness T . Even for k = 3, the arguments presented above are not sufficient for proving the theorem under these weaker assumptions but I do not know any potential counterexamples that would show that such a generalization is false. More specificaly, for higher dimensions we can state two open problems. The first one goes back to Gromov's paper [Gro09] (see also Appendix in [GG12] ):
Problem 3.1. Is there a higher dimensional analogue of the complicated fiber inequality?
If solved, it could potentially allow us to generalize the proof of Theorem 2.2 to dimensions k > 3. The second problem is about proving the theorem without using the complicated fiber inequality, for instance, as it was done for the manifolds in [GG12] : Problem 3.2. Is there another proof of Theorem 2.2 which does not use the complicated fiber inequality and generalizes to higher dimensions or applies to a weaker notion of thickness?
The Cheeger and Buser inequalities for hyperbolic orbifolds
In the late 1960s, Cheeger introduced an isoperimetric constant h to bound below the first eigenvalue λ 1 of the Laplacian on a closed Riemanian manifold [Che70] . Cheeger's result is that
Later on in [Bus82] , Buser proved an upper bound for λ 1 in terms of h and thus showed that these two invariants of Riemannian manifolds are essentially equivalent. For closed hyperbolic k-manifolds Buser's inequality is
We shall prove orbifold versions of these inequalities.
The orbifold Cheeger constant can be defined by:
where the infimum is taken over all open subsets U ⊂ O with the hyperbolic volume vol k (U) ≤ We expect that Gromov's complicated fiber inequality extends to the hyperbolic 3-orbifolds but we shall not check the details here. With this inequality at hand one could prove another version of Theorem 2.2 which does not appeal to a manifold cover of O and has λ 1 (O) in the place of λ 1 (M). The generalized Cheeger's inequality established below can then be applied to rewrite the bound in terms of h(O), and thus obtain another analogue of the Gromov-Guth inequality. These results can be also useful for attacking Problem 3.2 about the higher dimensional version of inequality (1). Proof. The argument is based on an observation that the known analytic proofs of the Cheeger and Buser inequalities [Yau75, Led94] can be generalized to orbifolds. We shall follow Ledoux's paper [Led94] and indicate the necessary modifications. We shall use the fact that the space of
]). Let µ denote the normalized Riemannian measure on O.
For Cheeger's inequality we begin the argument as in [Led94] , noting that the definition of h together with the coarea formula imply , and let f + = max(f − m, 0),
. Applying (4) to g = (f + ) 2 and g = (f − ) 2 together with integration by parts and followed by the Cauchy-Schwarz inequality, we get h
Since the mean f 2 dµ for f with f dµ = 0 minimizes |f − c| 2 dµ, c ∈ R, we obtain
for any smooth f on O with f dµ = 0. We now recall that the Rayleigh-Ritz principle for semi-bounded below operators and the density of C ∞ functions in L 2 (O) imply that λ 1 (O) is equal to the infimum of the right hand side in the last inequality (see [ABSW08, Proof of Lemma 6.1] for more details). This proves the first inequality of the theorem.
The proof of Buser's inequality follows similarly. Our assumptions on U and ∂U imply that its characteristic function χ U can be approximated in the L 1 -norm by smooth functions. This is the only modification required, the rest of the proof follows the method of Ledoux which is based on the Li-Yau inequality and results of Varopoulos (see [Led94, Proof of Theorem 1]). For the characterization of λ 1 here again we make use of the density of the smooth functions in the domain of −∆.
As in the smooth case, it is possible to generalize the inequalities in Theorem 4.1 to the case of complete non-compact hyperbolic k-orbifolds. The details are entirely similar.
A lower bound for hyperbolic volume
We now turn back to the three-dimensional case. The goal of this section is to give a lower bound for the volume of a closed arithmetic hyperbolic 3-orbifold in terms of its triangulations. In general such a bound does not exist because there are examples of closed hyperbolic 3-manifolds of bounded volume and arbitrarily large complexity. We can achieve a desired result by exploiting arithmeticity which allows us to effectively bound the injectivity radius and the orders of singularities in terms of volume.
We will call a triangulation of |O| by a good triangulation of O if any k-dimensional submanifold of its singular set is contained in the k-skeleton of the triangulation (for k = 0, . . . , dim(Σ)).
We shall first consider the problem of bounding the orbifold volume under the assumptions that the injectivity radius r inj ≥ r > 0 and that for any finite subgroup G < Γ = π 1 (O) we have |G| ≤ m. A similar problem was studied before by Gelander and Samet, who were considering the volume of a thick part of an orbifold and used the Margulis constant as a uniform lower bound for the injectivity radius (see [BGLS10,  Section 2] and [Sam13] for the details). In particular, Samet's Theorem 4.2 specialized to the hyperbolic 3-orbifolds is very close to what we need except that we require an explicit control over the constants and we want to obtain not just a simplicial complex homotopy equivalent to O but an actual triangulation of the orbifold.
Let us first recall some definitions. Let O = X/Γ with X = H 3 be a compact orientable hyperbolic 3-orbifold with the singular set Σ and π : X → O is the canonical projection. We shall call the isometries in Γ which act on X without fixed points hyperbolic. For a hyperbolic isometry γ its displacement at x ∈ X is defined by ℓ(γ, x) = dist(γx, x) and the displacement of γ (also called its translation length ℓ(γ)) is given by the displacement of γ at the points of its axis (cf. [MR03, Section 12.1]).
We shall define the orbifold injectivity radius by r inj (O) = inf{ 1 2 ℓ(γ)}, where the infimum is taken over all hyperbolic elements γ ∈ Γ. It is equal to the half of the smallest length of a closed geodesic in O. When O is a manifold this definition is equivalent to the usual definition of the injectivity radius as the supremum of r such that any point p ∈ O admits an embedded ball B(p, r) ⊂ O. This is not the case in general as the points around the singular set only admit so called folded balls, but this fact will not cause us any serious problems.
Proposition 5.1. Let O be a closed orientable hyperbolic 3-orbifold of volume V hyp with r inj ≥ r > 0 and |G| ≤ m for any finite subgroup G < Γ. Then O has a good triangulation with N simplices for
where ǫ = 1 10 min{r, µ 3 }, µ 3 is the Margulis constant of H 3 , v ǫ/2 is the volume of a ball of radius ǫ/2 in H 3 , and the degree D of the vertices of the triangulation is bounded above by
Proof. Since ǫ < µ 3 , the distance between any two vertices of the singular set is bigger than ǫ. Indeed, otherwise the subgroup of Γ generated by the stabilizers of the vertices would be abelian, which is impossible. A similar argument implies that for any two different points x, y ∈ Σ, if dist(x, y) < ǫ then dist(x, y) = dist Σ (x, y) or there exists a vertex in Σ which is ǫ-close to both x and y (we shall call it by the property that the singular set does not come too close to itself ).
Let us define a maximal ǫ-separated set P of points p 1 , p 2 , . . . in O which contains all the vertices of Σ as well as a maximal ǫ-separated set of points in Σ (in general such a set can be constructed using induction by the dimension of the submanifolds in Σ). A collection of open (folded) balls B = {B(p i , ǫ)} defines a cover of O, moreover, these balls and their intersections are contractible (this is obvious in dimension 3, for a general proof see [Sam13, Propositions 4.9, 4.10]). Therefore the nerve of the covering defines a simplicial complex homotopy equivalent to |O|. Moreover, the Delaunay triangulation of P is a geodesic triangulation of O which satisfies the properties of a good triangulation. In order to construct the triangulation first note that the assumption that ǫ ≤ r inj 10 allows us to work on the universal covering H 3 . The vertices of the singular set are among the vertices of the triangulation and the edges of Σ are geodesic and covered by the ǫ-net of vertices so they are contained in the 1-skeleton. We remark that the vertices of Σ are > 2ǫ separated, hence any sphere containing two such vertices will contain some other point from P in its interior, and all other points in P can be moved slightly, if necessary, in order to assume that the set P is generic and hence the Delaunay triangulation is well defined. (We refer to [Bre09] for a more thorough discussion of Delaunay triangulations of hyperbolic manifolds.)
Now consider smaller balls B(p i , ǫ/2) in O. These balls are disjoint and because the singular set cannot come too close to itself, each of them is isometric to a quotient of an ǫ/2-ball in H 3 by a finite subgroup of Γ (which could be trivial, of course). Hence
, the upper bound for the number of vertices in the triangulation.
To bound the degree of the vertices note that in order for two vertices to be joined by an edge in the Delaunay triangulation they have to be at the distance less than 2ǫ from each other. So assume that a ball B(p i , ǫ) intersects D other balls in B. Then all of them are contained in B(p i , 3ǫ), and the corresponding ǫ/2-balls are all in B(p i , 5ǫ/2). It follows that the number of balls in B which intersect B(p i , ǫ) is at most
, which gives the upper bound for the vertex degree. Finally, applying the generalized Dehn-Sommerville equations for the closed triangulated manifold |O|, we obtain that the number of simplices in the triangulation is bounded above by |B|(D − 1).
Remark 5.2. If we assume the Short Geodesic Conjecture for arithmetic hyperbolic 3-orbifolds, which says that there exists a uniform positive lower bound for their injectivity radii (cf. [MR03, Section 12.3]), then the bound in the proposition restricted to arithmetic orbifolds O would not depend on r but the dependence on m would still remain.
We now recall some properties of arithmetic groups which will allow us to relate the orders of singularities and the injectivity radius of the quotient orbifold to its volume.
Assume that γ ∈ Γ has the smallest displacement and let P (x) denote its minimal polynomial. Then we have r inj (O) = The celebrated Lehmer's problem says that the Mahler measures of non-cyclotomic polynomials are expected to be uniformly bounded away from 1. A special case of this conjecture is known to be equivalent to the Short Geodesic Conjecture for arithmetic hyperbolic 3-orbifolds. These conjectures have attracted a lot of interest but still remain wide open. Nevertheless, there are some quantitative number-theoretic results towards Lehmer's problem which can be very useful.
Let us recall a well known Dobrowolski's bound for the Mahler measure:
where d is the degree of the polynomial P and c 1 > 0 is an explicit constant.
Next we claim that the field of definition k of the arithmetic group Γ satisfies
This indeed follows immediately from the results discussed in [MR03, Chapter 12] .
We can relate these quantities to the volume by using an important inequality relating the volume of an arithmetic hyperbolic 3-orbifold and the degree of its field of definition:
This result was first proved by Chinburg and Friedman [CF86] , in a form stated here it can be found in [BGLS10] . We note that the constants in inequalities (5)-(6) can be computed explicitly.
For sufficiently large x the function log x x is monotonically decreasing, hence for sufficiently large volume we obtain
We note that this is a very slowly decreasing function. For more information about this argument and some related results we refer to [Bel10] .
It remains to bound the order of finite subgroups G < Γ. Finite subgroups of a Kleinian group are the discrete subgroups of SO(3), the group of orientation preserving isometries of the 2-sphere. These are the cyclic, dihedral, tetrahedral, octahedral and icosahedral symmetry groups. Their orders are bounded above by a constant multiple of the order of the maximal cyclic subgroup. From the other hand, an arithmetic Kleinian group Γ defined over a field k can contain a cyclic subgroup of order n only if cos(2π/n) ∈ k. Hence we have φ(n) ≤ deg(k), where the Euler function φ satisfies the well known inequality √ n/2 ≤ φ(n). Bringing these observations together, we obtain that m = |G| satisfies the inequalities
Finally, for sufficiently small positive ǫ we have
This gives an upper bound for the degree of the vertices of the triangulation. This bound can be significantly improved by a more careful consideration but we shall not pursue it here.
From Proposition 5.1 and inequalities (7)-(9) we deduce Theorem 5.3. For any ǫ > 0, there is a constant V 0 = V 0 (ǫ) such that any closed orientable arithmetic hyperbolic 3-orbifold of volume V hyp ≥ V 0 has a good triangulation with at most V 1+ǫ hyp simplices and vertex degree bounded above by an absolute constant.
An upper bound for tube volume
The goal of this section is to give an upper bound for the tube volume of an embedding of a hyperbolic 3-orbifold O assuming that the underlying space of O is an elliptic 3-manifold and that O admits a good triangulation of bounded degree with at most N simplices.
An elliptic 3-manifold can be presented as a quotient of S 3 by a free action of a finite group G. These manifolds and their groups were classified by Hopf and SeifertThrelfall [Hopf26, ST31, ST33] . In particular, the group G is either cyclic, or is a central extension of a dihedral, tetrahedral, octahedral, or icosahedral group by a cyclic group of even order. The corresponding manifolds are called lens spaces, prism manifolds, and then tetrahedral, octahedral and icosahedral manifolds, respectively.
Theorem 6.1. Suppose that the underlying space of an orbifold O is an elliptic 3-manifold and that O has a good triangulation T into N simplices with vertex degree bounded above by D. Then for sufficiently large n, the orbifold O admits an embedding into R n with thickness 1 and tube volume V 1 ≤ c D,n N.
Sketch of a proof: Let X 0 be a connected based subcomplex of T 1 which carries the fundamental group of |O|: for the sphere it is the base point, for a lens space it is a cycle of length N, and for the other types it is a bouquet of ≤ c 1 = const cycles of length N. The subcomplex X 0 has two properties that we would like to note:
(1) The complex T admits an L D -exhaustion with respect to X 0 in the sense of [Gro10, Section 4.4]; (2) For any n 1 ≥ 2c 1 , there is an embedding of X 0 in R n 1 with strong combinatorial thickness 1 and tube volume ∼ N (we can embed a cycle to a circle in R 2 and use the extra dimensions for any extra cycle whose total number is bounded by c 1 ).
We can now start with the embedding from (2) and extend it to an embedding of T 1 to R n using property (1) together and the boundedness of degree of T 1 . The dimension n is bounded below by a constant depending on n 1 and D.
The details of this argument will be given in a subsequent version.
Completion of the proofs of the main results
Let Γ be a maximal arithmetic Kleinian group as in Section 2 so the underlying space of the orbifold O = H 3 /Γ is an elliptic 3-manifold. Let ǫ = 0.01 and V 0 = V 0 (ǫ) is the constant from Theorem 5.3. If V hyp (O) ≥ V 0 , by the theorem O admits a good triangulation with N ≤ V 1+ǫ hyp simplices and vertex degree bounded by D (= 125). Now Theorem 6.1 implies that O admits an embedding into R n with retraction thickness 1 − ǫ and tube volume
We would like to apply the generalized Gromov-Guth inequality from Theorem 2.2, which requires also the information about the spectral gap λ 1 of a manifold cover of O. We recall that the maximal arithmetic Kleinian groups are congruence (cf. [LMR06] ), hence Γ contains a principal congruence subgroup Γ(I) for some ideal I in the ring of integers R of the field of definition of Γ. By Selberg's lemma, Γ has a torsion-free subgroup of finite index of the form Γ(J) for some ideal J ⊂ R. It follows that Γ(I ∩J) is a torsion-free congruence subgroup of Γ, and we can take M = H 3 /Γ(I ∩ J). The results towards Selberg's and Ramanujan's conjectures about the spectrum of the Laplacian apply to M, and by deep work of Vigneras and Burger-Sarnak we know that λ 1 (M) ≥ By Theorem 6.1, we can assume that n = 30, so n n−1 − (1 + ǫ) > 0.02, and we deduce that
for an absolute positive constant C which can be computed explicitly. Now Borel's finiteness theorem [Bor81] says that there exist only finitely many (up to conjugacy) arithmetic Kleinian groups of bounded covolume V hyp ≤ max(V 0 , C), so there are only finitely many possibilities for Γ. The group Γ uniquely determines its maximal subgroup generated by elements of finite order Γ 0 , hence we obtain finiteness of the number of such subgroups. This finishes the proof of Theorems 2.1 and 1.
We conclude with another finiteness result discussed in the introduction.
Theorem 7.1. There are only finitely many conjugacy classes of cocompact 2-generator arithmetic Kleinian groups. Sketch of a proof: As in the proof of Corollary 1.2, we recall that any 2-generator Kleinian group is contained with index at most 2 in a Kleinian group generated by three half-turns and hence by Corollary 1.1 there are only finitely many commensurability classes of such cocompact arithmetic subgroups. It remains to show that any commensurability class can contain only finitely many 2-generator groups. This can be done by adapting the methods from [BS11] to orbifolds.
Consider a sequence of commensurable closed arithmetic 3-orbifolds O 1 , O 2 , . . . with rank(π 1 (O i )) = 2. Their orbifold injectivity radii (defined as in Section 5) are uniformly bounded below. By Selberg's lemma we have a sequence of covering manifolds M i → O i , moreover, the degrees of the covers are uniformly bounded by a constant so after passing to a subsequence we can assume that they are all equal to d. By [BS11, Proposition 6.1], we can assume that (M i ) converges in the based GromovHausdorff topology to a manifold M ∞ that is homeomorphic to Σ M × R and has two degenerate ends. By the construction, the corresponding pointed Gromov-Hausdorff limit O ∞ of the sequence (O i ) is d-fold covered by M ∞ , hence by Agol's version of the Thurston-Canary covering theorem [Ago04, Lemma 14.3] the orbifold O ∞ is also a product Σ × R, where Σ is a closed hyperbolic 2-orbifold.
Repeating the first part of the proof of Theorem 7.3 from [BS11] we can conclude that there is a subsequence (O i ) such that O ∞ covers O i and for any compact subset K ⊂ O ∞ the covering is injective for large enough i. We now need an orbifold version of the covering theorem from [BS11, Appendix] , which implies that all but finitely many O i fiber over S 1 or S 1 /(z →z) with regular fibers homeomorphic to Σ. This result can be proved by a combination of the methods of Canary, Agol, and Biringer-Souto [Can96, Ago04, BS11] but we shall not present the details here. Finally, we require a generalization to orbifolds of a result of White, Biringer, Souto which implies that for all but finitely many O i we have rank(π 1 (O i )) = rank(π 1 (Σ)) + 1 or rank(π 1 (O i )) = rank(π 1 (Σ s )) + 1, where Σ s denotes the singular fiber of the fibration over S 1 /(z →z). See e.g. [Bir09, Chapter 4] and the references therein for the manifold version of this theorem. The orbifold version can be proved by similar methods but requires some care. Both possibilities immediately lead to a contradiction, hence there are no such infinite sequences of orbifolds.
